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Abstract
Given a graph, the conflict-free coloring problem on open neighbor-
hoods (CFON) asks to color the vertices of the graph so that all the
vertices have a uniquely colored vertex in its open neighborhood. The
smallest number of colors required for such a coloring is called the conflict-
free chromatic number and denoted χON(G). In this note, we study this
problem on Sk-free graphs where Sk is a star on k + 1 vertices. When
G is Sk-free, we show that χON(G) = O(k · log
2+ǫ∆), for any ǫ > 0,
where ∆ denotes the maximum degree of G. Further, we show existence
of claw-free (S3-free) graphs that require Ω(log∆) colors.
A conflict-free coloring of a hypergraph H = (V,E), denoted by χCF (H),
is an assignment of colors to the points in V such that every e ∈ E contains a
point whose color is distinct from that of every other point in e. The conflict-
free chromatic number of H , denoted χCF (H), is the smallest number of colors
required for such a coloring. Introduced [ELRS04] in 2002 by Even, Lotker,
Ron and Smorodinsky, many variants of the problem have been extensively
studied [Smo13]. Conflict-free colorings have also been studied in the context
of hypergraphs created out of graphs. One such popular variant is conflict-free
coloring with respect to open neighborhoods (or CFON coloring) in a graph.
Given a graph G, for any vertex v ∈ V (G), let NG(v) := {u ∈ V (G) : {u, v} ∈
E(G)} denote the open neighborhood of v in G.
Definition 1 (CFON Coloring of Graphs). Given a graph G, let H be the hy-
pergraph with V (H) = V (G) and E(H) = {NG(v) : v ∈ V (G)}. A conflict-free
coloring on open neighborhoods (CFON coloring) of G is defined as a conflict-
free coloring of H. The CFON chromatic number of G, denoted by χON (G), is
equal to χCF (H).
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Definition 2 (Star and Claw). The complete bipartite graph K1,k is referred to
as star on k+1 vertices and denoted by Sk. The graph S3 is also known by the
name claw.
A graph is said to be Sk-free (claw-free) if it does not contain an Sk (S3) as an
induced subgraph. In this paper, we study the CFON problem on Sk-free graphs.
For a graph G with maximum degree ∆, it is known that χON (G) ≤ ∆+1 and
this bound is tight in general. We improve this result for Sk-free graphs for
most values of k.
Theorem 3. Let G be an Sk-free graph with maximum degree ∆. Then,
χON (G) = O(k log
2+ǫ∆), for any ǫ > 0.
The following Theorems 4 and 5 from [PT09] will be used in the proof of
Theorem 3.
Theorem 4 (Theorem 1.1 in [PT09]). Let H be a hypergraph and let ∆ be the
maximum degree of a vertex in H. Then the conflict-free chromatic number of
H is at most ∆+ 1. This bound is optimal and the corresponding coloring can
be found in linear deterministic time.
Let G be a graph with maximum degree ∆. The above theorem implies that
χON (G) ≤ ∆ + 1. The subdivided clique K
∗
n has a maximum degree of n − 1
and satisfies χON (K
∗
n) = n. This serves as a tight example to the above bound.
Theorem 5 (Theorem 1.2 in [PT09]). For any positive integers t and Γ, the
conflict-free chromatic number of any hypergraph in which each edge is of size
at least 2t−1 and each edge intersects at most Γ others is O(tΓ1/t log Γ). There
is a randomized polynomial time algorithm to find such a coloring.
We begin with an auxiliary lemma.
Lemma 6. Let G be an Sk-free graph with no isolated vertices. Let A ⊆ V (G)
be an independent set of vertices in G. Let B = V (G) \ A. There is a way to
color the vertices in B using at most k colors such that every vertex in A sees
some color appear exactly once in its open neighborhood.
Proof. Construct a hypergraph H = (V,E) with V (H) = B and E(H) =
{NG(v) ∩ B : v ∈ A}. Since G is Sk-free, no element of V (H) is present
in more than k − 1 hyperedges. From Theorem 4, we have a conflict free color-
ing of H using k colors.
Proof of Theorem 3. We use an iterative process to color the vertices. Consider
an Sk-free graph G = (V,E) with maximum degree ∆ = ∆(G). We first par-
tition V = V0 into U1 and V1, where U1 = {v ∈ V0 : degG[V0](v) > log∆},
and V1 = V0 \ U1. We construct a hypergraph H1 from G with V (H1) = V0
and E(H1) = {NG(v) ∩ V0 : v ∈ U1}. Every hyperedge e ∈ E(H1) satisfies
|e| ≥ log∆ + 1, and e intersects at most ∆2 other hyperedges in H1. Applying
Theorem 5 with t = log∆2 + 1 and Γ = ∆
2, we get the conflict-free chromatic
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number of H1 to be at most α(log∆)
2, where α > 0 is some constant. That
means, there is an assignment C1 : V0 → [α(log∆)
2] such that every vertex in
U1 sees some color exactly once in its open neighborhood.
Now notice that V1 is the set of all vertices that have degree at most
log∆. We repeat the above process by setting U2 = {v ∈ V1 : degG[V1](v) >
log∆(G[V1]) ≥ log log∆}, and V2 = V1 \ U2. We construct a hypergraph H2
with V (H2) = V1 and E(H2) = {NG(v) ∩ V1 : v ∈ U2}. Every hyperedge in
H2 is of size at least log log∆+ 1 and each hyperedge intersects at most log
2∆
other hyperedges. Applying Theorem 5 with t = log log ∆2 + 1 and Γ = log
2∆,
we get an assignment C2 : V1 → [α(log log∆)
2] such that every vertex in U2
sees some color exactly once in its open neighborhood.
We iterate in this manner till we get, say Vr, which is an independent set in
G. We now use Lemma 6 to assign Cr+1 : V → [k] so that every vertex in Vr
sees a color exactly once in its open neighborhood.
Now consider the color assignment C formed by the Cartesian product of
the previous1 assignments. That is C(v) = (C1(v), C2(v), . . . , Cr(v), Cr+1(v)).
Notice that C is a CFON coloring. This is because V = U1 ∪U2 ∪ . . .∪Ur ∪ Vr
is a partition of V . If v ∈ Ui, then v has a neighbor that is uniquely colored by
the assignment Ci. Also, every v ∈ Vr has a neighbor that is uniquely colored
by the assignment Cr+1. The number of colors used is
(α(log ∆)2) · (α(log log∆)2) · · · · · (α(log log . . . log︸ ︷︷ ︸
r times
∆)2) · k ,
which is upper bounded by k log2+ǫ∆. This follows by noting that r ≤ log∗∆,
the iterated logarithm of ∆. Thus we have χON (G) = O(k log
2+ǫ∆).
Algorithmic note: It is easy to see that the construction of sets Vi and Ui
can be done in deterministic polynomial time. Theorem 4 states that the col-
oring Cr+1 can be computed in deterministic linear time. What is left is to
know whether the colorings Ci (1 ≤ i ≤ r) can be computed in deterministic
polynomial time. Theorem 5 states that the colorings Ci (1 ≤ i ≤ r) can be
obtained in randomized polynomial time. In the proof of Theorem 5 in [PT09],
an algorithmic version of the Local Lemma is used to obtain a randomized al-
gorithm for finding the desired coloring for the hypergraph under consideration.
There are deterministic algorithms known for the Local Lemma [CGH13, Har19]
which can be used in place of the randomized algorithm used in [PT09]. By ap-
plying Theorem 1.1 (1) from [Har19], we get a deterministic polynomial time
algorithm to find the colorings Ci (1 ≤ i ≤ r). However, the deterministic
version of Local Lemma causes us to use O(tΓ(1+δ)/t log Γ) colors for a constant
δ > 0. This is slightly worse than the bound in Theorem 5. However, this weaker
bound suffices to get a conflict-free coloring of the hypergraphsH0, H1, . . . using
asymptotically the same number of colors as before. We thus have a determin-
istic polynomial time algorithm for CFON coloring the vertices of an Sk-free
graph with maximum degree ∆ using O(k log2+ǫ∆) colors, for any ǫ > 0.
1Values Ci(v) that are not assigned are notionally set to 0.
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Given a graph G, the line graph of G, denoted by L(G), is the graph with
V (L(G)) = E(G) andE(L(G)) = {{e, f} : edges e and f share an endpoint in G}.
It is easy to see that the line graph of any graph is claw-free. In what follows, we
use this fact to show the existence of claw-free graphs of high CFON chromatic
number.
Theorem 7. There exist claw-free graphs G on n vertices with χON (G) =
Ω(logn).
Proof. Let m be a positive integer. Consider the complete graph Km on m
vertices. Let n =
(
m
2
)
denote the number of vertices in the line graph of Km.
Consider the CFON coloring problem for the line graph of Km. In other words,
we need to color the edges of Km with the minimum number of colors such that
every edge sees some color exactly once in its open neighborhood. Consider an
optimal CFON coloring C : E(Km) → {1, 2, . . . , k} of the edges of Km that
uses, say k colors. Below we show that k ≥ logm.
Corresponding to each v ∈ Km, we construct a k-bit 0-1 vector g(v). The
i-th bit gi(v) = 1 if there is exactly one edge incident on v with the color i.
Otherwise, gi(v) = 0. Since C is a valid CFON coloring of the edges of Km,
for any two distinct vertices u, v ∈ V (Km), g(u) should differ from g(v) in at
least one position. Consider the edge {u, v} ∈ E(G). Let {v, w} ∈ E(G) be the
uniquely colored edge in the open neighborhood of {u, v} and let C({v, w}) = i.
This implies that none of the other edges incident on the vertices u or v are
assigned the color i except possibly the edge {u, v} itself. Thus g(u) and g(v)
differ in at least one position. This implies that k ≥ logm.
Since a line graph is claw-free, Theorems 3 and 7 imply the following corol-
lary.
Corollary 8. Let G be the line graph of a graph. Let ∆ denote the maximum
degree of G. Then, χON (G) = O(log
2+ǫ∆), for any ǫ > 0. Further, there exist
line graphs with maximum degree ∆ having χON (G) = Ω(log∆).
Note: Very recently, De¸bski and Przyby lo [DP20], in independent and simulta-
neous work, showed that the closed neighborhood conflict-free chromatic number
or CFCN chromatic number (defined analogously to Definition 1) of line graphs
is O(log∆). In Theorem 3 of [DP20], it is shown that χCN(L(Kn)) = Ω(log n).
Since the CFCN chromatic number of a graph is at most twice its CFON chro-
matic number, this lower bound proved in [DP20] implies Theorem 7.
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